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Abstract 
 
The article presents a simplified dynamical model of a fuel cell of the Proton Exchange Membrane 
(PEM) type, based on physical-chemical knowledge of the phenomena occurring inside the cell. 
Since the anodic overvoltages influence the cell behaviour to a lower extent than cathodic and ohmic 
overvoltages, they have been disregarded for simplicity. 
The model needs several parameters to be identified; however, it has been built so that all of them can 
be identified by means of simple measures on cells on steady-state  and dynamic conditions. 
 
The model has been implemented in the MATLAB/SIMULINK environment. 
Lab tests have been carried out at ENEA’s laboratories; the paper presents a good agreement between 
tests and simulations, both in static and dynamic conditions. 
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1. Introduction 
 
The need of reducing pollutant emissions and of utilising more efficiently the available energy re-
sources (in particular fossil resources) has caused, in recent years, an ever increasing attention towards 
fuel cells. In fact, their high conversion efficiency and low environmental impact, make them good 
candidates for substituting, at least in some applications, more conventional conversion systems. 
 
One of the applications of Fuel Cells currently being considered is as a source of energy for electric 
vehicles, normally in hybrid configuration. 
Among the several possible kinds of fuel cells, the Polimer Electrolyte Fuel Cells (PEFC), also called 
Proton Exchange Membrane Fuel Cells (PEM), appear to be the best candidate for the use aboard of 
Electric Vehicles in which simplicity, high specific power, rapid start-up (even at low temperature) 
have the maximum importance [4, 11, 16]. 
 
To be able to utilise these devices in an effective way, it is, however, mathematical models of the ve-
hicle fuel cell stack are necessary so that the system behaviour can be analysed at the design stage by 
means of computer simulations in different conditions of load, pressure of reagent gases, temperature.  
These models can be integrated with other components in vehicle simulation environments (such as 
the one described in [17]), so that the whole system of a fuel cell vehicle can be analysed in detail. 
 
Several mathematical model of PEM fuel cells have already been presented [4÷12]. The majority of 
them, however, is able to simulate only the cell steady-state behaviour, while the analysis of their per-
formance in dynamic conditions is important for the use aboard of vehicles, given the rapid variation 
of mechanical and electrical quantities. 
Other models [7, 11] are characterised by a high complexity, with several partial-derivatives equations 
to be kept into account. This high complexity creates problems of simulation times, parameter identifi-
cations, etc. especially when they are to be enclosed into a larger system, such as the electric vehicle. 
 
The purpose of this paper, therefore, is to propose a dynamical model of PEM fuel cells that, although 
simplified, is still based on the knowledge of the chemical-physical description of the phenomena oc-
curring inside the cell. 
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The effort carried-out was to simplify as much as possible the analytical aspects, so that simulation 
and numerical parameter identification are eased.  
The model is implemented in the well known and highly widespread simulation environment 
MATLAB/SIMULINK.  
 

2. Mathematical model 

2.1. A simple description of the cell structure 

A PEM Fuel Cell is constituted by a membrane able 
to conduct protons disposed between two electrodes. 
The set electrodes-membrane, in turn, is pressed by 
two conductive plates containing some channels in 
which the reactants flow. 
A simplified representation of the cell is reported in 
fig. 1. The main elements composing the cell are: 
conductor plates, electrodes, membrane. 
The electrodes are constituted by a gas diffusion 
baking, made of carbon (graphitic) paper or cloth, 
and a catalyst layer; both have a porous, partially 
hydrophobic, structure. 
According to several studies [3÷11], the larger pores 
(called macropores) operate as a ducts for the reac-
tants from the flow channels towards the catalyst 
layer, while the smaller ones (micropores) operate as 
a ducts for the passage of water. 
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Figure 1: Schemat ic representation of fuel-
cell of PEM type. 

cathode    anode       

electrode 

 
The reactions occurring in the catalytic layer of the electrodes are the following ones: 
• at the anode the hydrogen decomposes and yields electrons to Platinum and protons to the mem-

brane: 
H2 → 2H+ + 2e- ;  (1) 

• at the cathode, the oxygen reacts with the protons coming from the membrane and with the elec-
trons supplied by the catalyser and forms molecules of water: 

1/2O2 + 4H+ + 4e- → 2H2O. (2) 

 
The membrane, if well humidified, has a proton conductivity sufficiently high. 
Inside the cells, however, because of the dragging of water molecules by the proton flow, the part of 
the membrane on the cathode side tends to saturate, while the one on the anode side tend to dehydrate, 
with a consequent conductivity reduction; to limit this phenomenon, and to avoid water loss by evapo-
ration, the cell is fed with humidified gases at higher temperatures than the cell temperature. 

2.2. General model description 

The model considers a cell that utilises  H2  as a fuel and air as oxidant, both humidified. 
 
The main assumptions of the proposed model are as follows: 
• the model is one-dimensional, i.e., all quantities vary only in the direction orthogonal to anode and 

cathode surfaces; 
• the temperature is supposed to be uniform in the cell; 
• the air total pressure is assumed to be uniform, while the variation with space of the partial pres-

sures of its components is kept into account; 
• the water vapor contained in the reactants of the baking macropores is in equilibrium with the sur-

rounding liquid phase; consequently the partial water pressure is uniform; 
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• the anodic voltage drop is disregarded with respect to the cathode ones (cf. [7,8,17]); consequently 
the voltage across the anode is considered to be constant. 

 
The general arrangement of the model is as depicted in fig. 1. 
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Fig. 1: Block diagram representing the general model arrangement. 
 
As shown in the figure the model has as input the anode and cathode total pressure of reactants and 
water vapour, and, as electrical input the cell current Icell. 
The main output of the model is the cell voltage; there is also an auxiliary output constituted by the 
hydrogen molar consumption, that is useful for making energy balances of the cell:  
input power= 22 HH EN ⋅             (EH2 is the chemical potential energy per mole of hydrogen) 

output power= cellcell IV  

In the following subsections, some details on the equations defining various elements of the model are 
reported. 

2.3. Gas Diffusion in the cathodic baking 

The oxygen contained in the air entering the cell before reaching the catalyst layer diffuses, through 
the substrate, within a gaseous mix constituted by nitrogen, water vapour and the oxygen itself, all 
considered as being ideal gases. This phenomenon is described [5÷8] by the following differential 
equations: 
continuity equations: 
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Stefan-Maxwell equations of diffusion: 
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where i,k ∈(1,3) and:  
p1 = oxygen partial pressure, 
p2 = psat (T) = water vapour partial pressure, 
p3 = nitrogen partial pressure, 
pDik = Dik= Dik(T). 

The analytical expressions of the diffusivities  Dik(T) have been taken from [13]. 
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In equations (4) it has been assumed, for simplicity, that the gas motion is originated only from con-
centration gradients, and not from gradients of total pressure. The substrate porosity εg (ratio between 
pore volume and total substrate volume) is considered independent on the cell operating conditions; 
the parameter τ  (tortuosity: ratio between actual pore length and macroscopic substrate thickness) 
keeps into account the fact that the distance the oxygen covers for reaching the catalytic layer is 
greater than the substratum thickness, because of the pore curvature. 
 
Combining equations (3) and (4) and applying the hypotheses stated in the previous paragraph, the 
following single partial-differential equation can be obtained, having the unique unknown p1 (oxygen 
partial pressure): 
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in which ξ  is the dimensionless abscissa dLy / , ω   and  ψ  are parameters depending on just cell 

temperature and air pressure; the variable N1dc is the oxygen flow at the interface substrate-catalyst 
layer. 
With reference to fig. 1, equation (5) constitute the block “Gas Diffusion in Cathode”, that receives as 
input the total air pressure and the reaction current and gives as output the oxygen partial pressure in 
the catalyst layer. 

2.4. Cathodic kinetics  

The electrochemical reaction that occurs in the catalyst layer is the (2), in which the oxygen reacts 
with the protons present in the electrolyte and with the electrons supplied by the catalyst, thus forming 
water molecules. 
The current that is created by the electrochemical reaction, in addition to the reactants concentration, 
depends on the potential difference between catalyst and electrolyte, as described by the Butler-
Volmer equation [9,11]: 
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The cell current , in turn, is the sum of the reaction current plus the contribution due to the charge stor-
age in the electrical double-layer: 

t
CII C

dlcell r ∂
∂

+=
η

; (8) 

the double-layer capacitance Cdl is assumed to be constant [17]. 
Differently from what assumed by other papers [4, 6, 9, 11], the proton concentration [H+] has been 
considered to be a function of the cell current. Indeed it has been considered that if the cell current, 
and therefore the water production (according to (2)) rises, the hydration of the polymeric electrolyte 
tends to rise as well, causing this way an increase in the proton concentration. This hypothesis has 
been introduced to correctly model the voltage overshoot visible in the cell experimental response to 
sudden current reductions, that was already observed in [18] without any possible explanation. 
Therefore the behaviour over time of the proton concentration [H+] is defined by the following differ-
ential equation: 
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in which  u(:)  is the Heaviside function,  
o

H
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c  dynamics, and 
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α  is a parameter that links 
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c  to the cell cur-
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Studies about the cathode operation [5, 6, 11, 12] have shown that as the cell current rises the quantity 
of Platinum engaged in the electrochemical reaction reduces, i.e., the reaction tends to concentrate in a 
region of the catalyst layer smaller and smaller. 
This has been attributed to the electrolyte resistivity and oxygen diffusivity, that determine voltage 
drop and O2 concentration gradient respectively. To keep into account the phenomenon, that would 
require a large number of partial-derivatives differential equations, the parameter  Ar  (catalytic total 
surface) has been considered variable with the current: 

( )5
21exp

cell
IaIaAA cellror −−= ,  (10) 

and the variables that appear in eq. (6) have been considered function of only time. 
Parameters  a1  e a2  of (10) result to be function of the temperature, the partial oxygen pressure, and 
the air flow that feeds the cell. 
 
From experimental measures related to the reduction of oxygen in an acid environment [1, 2] it is 
known that parameters b  e  jo  of  (6) present a sudden rise for values of cathodic voltage of about 0.80 
V; this phenomenon is kept into account in the model. 

2.5. Internal resistance and voltage drops 

The passage of current through the cell causes ohmic voltage drops basically due to the electron trans-
fer in electrodes and in the conductive graphite plates and to the proton transfer through the mem-
brane. 
Since the conductivity of graphite is much larger than the one of the membrane [4, 12], the drops due 
to the electron transfer can be neglected; therefore the cell internal resistance practically coincides 
with that of membrane. 
In general, the membrane resistance results to be a function, in addition of temperature, also of the cur-
rent [15, 6], because of the dragging from anode to cathode of water molecules by the current. If the 
current increases, in fact, the side of the membrane on the anodic part tends to dehydrate, with a reduc-
tion of the local conductivity and an increase in the membrane resistance. 
From the experimental observations made ad the ENEA’s labs related to a PEM cell having a Nafion 
115 membrane, the internal resistance result to be, in practice, function of only temperature (fig. 2). 
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Fig.  2: Internal resistance at 70°C and different values  
of the reactants pressures. 

Experimental data measured at different temperatures have then been interpolated by the following 
equation: 

( )oToi TTRR −⋅+= α ; (11) 

The values of the parameters in (11) are reported in tab. 2, while the voltage drops related to the inter-
nal resistance are defined by the Ohm law: 

celliohm IRV ⋅=∆ . (12) 

Table 2: Numerical values of parameters 
of equation (11) 

parameter value 

Ro  [Ω] 5.22×10-3 
αT   [Ω/K] 4.24×10-8 
To   [K] 338.15 
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2.6. Open Circuit Voltage (OCV) 

The open-circuit voltage has been defined by means of the Nernst equation: 
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slightly modified to improve correspondence to the experimental results, as follows: 
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The values of parameters Eref  ,  
dT

dEo   and  k  (Table 3) have been determined  to that to reproduce the 

experimental results, using the (14); in fact, with a k of 1and standard values of Eref  ,  
dT

dEo , the E0 

would be much higher than the values experimentally observed, as already noted in the past [1]. 
The reference temperature Tref  has been has been fixed to 343.15 K. In fig. 3 a comparison between 
measure and estimated values of E0 is reported, with e cell temperature of 70°C and different reactant 
partial pressures. 
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Fig. 3: Comparison of OCV measures and model for 70°C 
and different values of reactants partial pressures. 

3. Model implementation in the Matlab/Simulink environment 
For each equation that constitutes the model, it has been defined a suitable list of Matlab commands, 
that, in turn, are then recalled by corresponding Simulink blocks. 
In particular, eq. (5), being a partial-differential equation, had been implemented using the MATLAB 
operator “diff”.  
A vector has been built containing n discrete values of the abscissa ξ  (0 ≤ ξ ≤ 1) and consequently the 
oxygen partial pressure p1 = p1(ξ, t)  has been considered as a vector having n components, one for 
each  ξk  of . ξ. 
An approximation of the derivative of p1 is given by: 

( ) ( )xdiffpdiff
p

/.1
1 ≅

∂
∂

ξ
.   (16) 

To find the right value of n a preliminary comparison has been made by simulating the cell in the same 
operating condition with several values of n; the number of n has been progressively increased up to a 
point in which a further increase caused negligible changes in the simulation result. In the end, a value 
of 100 has been assumed. 

Table 3: Numerical values of parameters 
of equation (14) 

parameter value 

Eref  [V] 0.975 
dEo/dT   [V/K] 0.27*10-3 
k 0.755 
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4. Comparison of simulation and experimental results 
In this section a comparison between the experimental and simulated cell behaviour is reported.  
The simulations have been performed using the model presented in the previous sections, filled with 
numerical parameters found by an identification technique that will be described in detail in a follow-
ing paper. 
The comparison is made both in steady state and dynamic conditions.  
The cell under test, having a section of 50 cm2, has been assembled at the ENEA’s labs. The cathode 
has a catalyst E-TEK 20% Pt-C with 0.34 mg/cm2 of Pt, while the anode has a catalyst realised in 
laboratory with 20% Pt-C and 0.29 mg/cm2 of Pt. The membrane is a Nafion 115.  
The assembly electrodes-membrane has been pressed between two graphite plates provided with 
serpentine channels. Reactant gases, were humidified Air and hydrogen. 
 
In fig. 4 a comparison of steady-state experimental and simulated cell voltage under different operat-
ing conditions is reported. 
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Fig. 4: Comparison of simulated and measured cell voltage at a cell temperature of 70°C and different values of 
reactant pressures and flows. 

The figure shows a good agreement of data, especially in the region of low densities (before the knee); 
this region is the one having the maximum interest for practical applications; a sufficient agreement is 
however present also even after the curve knees. 
 
In figures 5-6-7  the dynamic response to current steps of the model is compared with the one experi-
mentally measured, in different cell operating conditions. 
In each case a good agreement is observed on the whole transient.  
In particular in the case of fig. 7, showing the response to an instantaneous interruption of the cell cur-
rent, the agreement between experimental data and simulation is excellent. 
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Fig. 5. Comparison of experimental and simulated cell dynamic response, considering two different current 
steps. Cell temp. 60°C; reactant pressures 3 bar; Air and H2 flows 1000 and 500 scc/min respect. 
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Fig. 6. Comparison of experimental and simulated cell dynamic response. Cell temp. 70°C; reactant pressures 1 
bar; Air and H2 flows 1500 and 1400 scc/min respectively. 
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Fig. 7: Comparison of experimental and simulated cell dynamic response. Cell temp. 70°C; Air and H2 flows 
pressures 3 and 2 bar; Air and H2 flows 1500 and 1400 scc/min respectively. Fig. (b) is a zoom on a particular of 
figure (a). 

 

5. Conclusions 
A dynamical model of Proton Exchange Membrane fuel cell, based on physical and chemical equa-
tions, has been proposed. 
This model, is noticeably simplified with respect to other chemical-physical, dynamic models already 
presented in literature. 
 
The model has been implemented in the MATLAB/SIMULINK environment to test its behaviour. 
 
The behaviour of the model has been compared with experimental tests carried out at ENEA’s labora-
tories. This comparison shows a good agreement between measures and simulation. 
 
This model is structured so that it can be easily extended to a whole stack of fuel cells. 
 

6. List of symbols 
 
Ar  (effective Pt surface area): cm2 
Aro  (total Pt surface area): cm2 
b (Tafel slope): V 
Cdl (double-layer capacitance): F 

+H
c  (dimensionless proton concentration) 

Dik (diffusivity of the gas pair i-k): cm2/s 
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Dik (total pressure-diffusivity product): (atm cm2)/s 
Eo (open circuit voltage): V 
EoC (cathode potential): V 
Eref (reference voltage): V 
F (Faraday’s constant): 96484.56 C/equivalent 
[H+]  (proton concentration): mol/cm3 
Icell  (cell current): A 
jo  (exchange current density): A/cm2 
Ir  (reaction current): A 
Ld (thickness of diffusion layer): cm 
Nair (inlet air mole flow): mol/s 

2HN  (hydrogen consumption): mol/s 

Nk (superficial flux of species  k): mol/(cm2 s) 
N1dc (oxygen flux at interface diffusion and catalyst layer): mol/(cm2 s) 
pC (cathode total pressure): atm 
pk (partial pressure of species  k): atm 
p1c (oxygen partial pressure whitin catalyst layer): atm 
p1o (zero-current oxygen partial pressure): atm 
R (gas constant): 82.056 (atm cm3)/(K mol) = 8.3144 J/(K mole) 
Ri (internal resistance): ohm 
T  (absolute temperature): K 
u(:) (Heaviside function) 
xk (mole fraction of species  k) 
y (distance through diffusion layer): cm 
τ  (tortuosity of diffusion layer) 

+H
τ   (time constant of proton concentration): s 

ξ (dimensionless distance) 
∆φce (catalyst-electrolyte potential difference): V 
ηC (cathode voltage drop): V 
εg  (porosity in diffusion layer) 
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